Key Points:
We use the Version 6.9 of the System for Atmospheric Modeling (SAM), which is a popular 138 model for studying clouds and convective processes [Khairoutdinov and Randall, 2003] . SAM is 139 an excellent model for this study because it solves the anelastic version of the equations of motions 140 in idealized geometries, which allows easy configuration and fast execution. For more details on 141 using the anelastic approximations, we refer the reader to Pauluis [2008] . Many studies have used 142 this model to study convective self-aggregation in limited area [Bretherton et al., 2005; Wing and 143 Emanuel, 2014] and near-global domains [Bretherton and Khairoutdinov, 2015; Wing and Cronin, 144 2016]. Therefore, we will also use a SAM in a planetary-scale configuration to study the processes 145 underpinning convective organization. To compare and contrast the mechanisms that organize convection a variety of scales, we 163 perform three experiments with different diabatic forcings. We first perform an experiment over 164 a uniform 300.15 K sea surface temperature (SST) with fully interactive long-wave radiation and give rise to organization on various spatial and temporal scales. end of simulation. This disturbance has wavenumber two zonal structure and forms the envelope of 213 many synoptic-scale waves which also propagate to the east, a multiscale structure which mirrors 214 that of the synoptic-scale waves. On the other hand, the LW simulation develops a planetary-scale 215 structure at a much slower rate than QSTRAT simulation, and this structure hardly moves with 216 respect to the fixed reference frame. This near-standing convection is similar to the self-aggregated 217 convection, but appears much more slowly, likely due to the strong meso-scale activity.
218
The wave propagation speeds as well as dominant spatio-temporal scales in these simulations 219 are more obvious in frequency domain as shown in Figure 3 . We compute the power spectra by 220 subtracting the domain and time mean, and then taking the fast Fourier transform of the 100 day time 221 series. We then smooth the spectra using a Gaussian kernel with a standard deviation of 1.5 wave 245 We now describe a method to decompose the model outputs into meso-, synoptic-, and planetary-251 scale components. The theoretical asymptotic models described above assume that the length of the 252 mesoscale (synoptic scale) is infinitesimally smaller than the length of the synoptic (planetary) scale.
Filter based multiscale decomposition

253
Unfortunately, neither the spectra of our simulations (cf. Figure 3) describe the three-scale structure we observe in the QSTRAT run.
256
The defining difference between these scales is related to the smoothness of the underlying field, 257 so we use low-pass filters in the zonal direction to separate the scales automatically. We define the 258 low-pass filtered field as the large-scale component, and the residual as the small-scale component.
259
The simple 2D geometry and periodic boundary conditions make it trivial to implement these filters 
262
After extensive experimentation with low-pass filters based on splines, empirical orthogonal 263 functions, and Gaussian kernels, we ultimately choose a simple filter in the Fourier domain. It is 264 prohibitively expensive to perform the filtering operation on the full data, which has over 16000 265 horizontal grid points, so we first coarse-grain the input data onto 128 km grid boxes. Then, the filter 266 is defined in the zonal wavenumber domain by where L = 32 768 km is the length of the overall domain. In practice, the cutoff scale of the filter is 277 controlled by setting an effective numbers of degrees of freedom m * , and using a nonlinear solver to 278 compute α * = m −1 (m * ). We will, therefore, change our notation slightly so that S m is the low-pass 279 filter corresponding to m degrees of freedom. Just as one filter can separate two physical scales, multiple filters with different bandwidths can 287 decompose the data into three or more scales. Let f (x) be a physical variable which depends on x.
288
The largest "scale" of f is the zonal mean of f , which we denote by
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Then, we define the planetary-scale component by
so that f P = 0. Similarly, the synoptic-scale component f S is given by
Finally, the mesoscale component is the residual left after subtracting the domain mean, planetary-292 scale, and synoptic-scale components from f . Recall that the mesoscale component does not include
293
smaller scale contributions because we initially coarse-grained the the field f onto 128 km boxes.
294
In summary, we can apply several low-pass filters with decreasing bandwidths to to compute the 295 multiscale decomposition given by to regions with enhanced precipitation, and it appears that most of synoptic-scale activity is confined 300 to these regions. Likewise, the mesoscale is most active in the areas with negative synoptic-scale 301 anomalies. Thus, the low-pass filter based decomposition technique provides an automatic way to 302 diagnose the multiscale structures in the QSTRAT run, which we discussed in Section 3. 
Multiscale decomposition of the governing equations 304
We also use this decomposition technique to decompose the budget equation for a given quantity 305 f , into the three separate scales. In the anelastic framework, the evolution of an arbitrary tracer f is 306 given by
where ρ 0 (z) is the base state density profile and S f are the other source terms in the budget. For 308 convenience we will denote the horizontal advection terms by H f = −(u f ) x and the vertical advection
Then, taking the planetary-scale component of this equation gives
where the superscript P denotes the planetary-scale component.
311
In general, the planetary-scale component of the horizontal advection terms will be small To identify the important physical mechanism behind the multiscale organization in the QSTRAT run, we analyze the budgets of zonal momentum, buoyancy, and water vapor. For diagnostic purposes, we neglect the virtual effect and approximate the buoyancy by B = g(θ − θ 0 )/(θ 0 ), where θ 0 is the time average of the zonal mean potential temperature over the final 50 days of the simulation. Then, the budgets for the velocity u, the buoyancy B, and the water vapor specific humidity, q, are given by
We estimate the horizontal and vertical advection terms using second order centered finite differences.
318
There are two important linear terms in the these equations. First, the buoyancy budget has a 319 contribution from adiabatic motions given as N 2 w. The Brunt-Väisälä frequency is given by N 2 = 320 g∂ z log θ 0 where θ 0 is the reference potential temperature profile used to define the buoyancy. In 321 future sections, we will include the small B g term in the residual terms S B for simplicity. We 322 approximate the vertical derivative in N 2 using a cubic spline. Second, the zonal momentum is 323 forced by the pressure gradient term −φ x , which we also approximate using second order centered 324 differences.
325
We compute the remaining source terms, S B , S q , and S u as a residual from the known terms.
326
The source terms for the buoyancy equation, denoted by S B , include the effect of latent heating, 327 radiation, and any turbulence or advection occurring on scales smaller than coarse-graining size of 328 128 km. Likewise, S q includes condensation and evaporation terms, and S u includes the effect of 329 turbulence and convective momentum transports occurring below the coarse-graining scale. 
Scalewise variance budgets
331
Variance budgets can conveniently summarize the relative importance of the terms in the Eqs. 
Unfortunately, there are some problems with this approach. First, Eq. 11 cannot reveal any 
This equation is deceptively similar to Eq. 11, but can account for covariance between the vertical 
363
We summarize the impact of the individual feedbacks in Eq. 12 by taking vertical integrals 
Kinetic Energy
368
The kinetic energy (KE) budgets for the planetary and synoptic scales can reveal the important 379 kinematic feedbacks. The KE for a given scale α is given by
The budget for KE α is obtained from the momentum budget (Eq. 7) in the usual way to give 381 1 2 Figure 6 shows the time-mean vertical structure of the feedback terms on the right hand side 382 of Eq. 14 for both the planetary and synoptic-scale (α = P, S). It also shows the mass-weighted 383 average for each feedback term integrated forward in time. For example, the cumulative effect of the 384 mass-weighted pressure gradient feedback for the planetary-scale is given by
The cumulative effect of the other feedbacks are defined analogously. smaller. These feedbacks have a similar relationship when looking at the detailed vertical structure.
390
The vertical advection feedback is consistently positive throughout the column, and the pressure 391 gradient is mostly negative, and shifted downward slightly. almost equally amplify the synoptic-scale KE, and the residual term balance this positive feedback.
398
Most of the dissipation due to source terms occurs below 800 hPa and above 400 hPa. Below 800 hPa, 399 the pressure gradient terms balance this sink, whereas vertical advection is the dominant positive 400 feedback above 400 hPa. As before, horizontal advection has little effect. 
Available Potential Energy
418
Without dissipation, the sum of KE and available potential energy (APE) is conserved. The 
For simplicity, we have included smaller term N 2 wB/g from Eq. 8 in the residual S B .
427
The KE and APE budget exchange energy through pressure gradients and N 2 w term. To see 428 this, we must first assume hydrostatic balance holds on all the scales α, so that φ α z = B α . Then,
The first equality follows from vertical partial integration and hydrostatic balance, while the second 430 equality follows from horizontal partial integration and the divergence free condition.
431
Panel A of Figure 8 shows the cumulative impact of the feedbacks in the planetary-scale APE 432 budget. Overall, APE P is much smaller than KE P , which is a consequence of the weak temperature The most important positive feedback in both the planetary and synoptic-scale KE budget was 470 due to vertical advection, which is a nonlinear term. As discussed at the beginning of Section 4, the 471 multiscale theories predict that vertical eddy-flux convergences from smaller scales directly force the 472 budgets for large-scale quantities. In this section, we use the low-pass filters introduced in Section 4 473 to further decompose the vertical advection terms into multiscale interactions.
Summary
474
We decompose vertical flux of zonal momentum into the product of different scales, so that
Projecting this onto the target scale γ gives
In this equation, the individual (w α u β ) γ terms are known as triad interactions between the three 477 scales α, β, and γ. An example triad interaction would be the planetary-scale component of the 478 mesoscale-mesoscale interactions, which is given by (w M u M ) P .
479
Each of these triad interactions has a separate impact on the total vertical advection feedback 480 for a given target scale γ. To see this, we first use partial integration to separate the total vertical 481 advection feedback into a surface flux contribution and an internal contribution. Then, substituting
482
Eq. 17 gives
The first term on the right hand side is the mass weighted covariance of the γ-scale surface fluxes The other important triad interactions are all related to advection of larger-scale zonal momentum 501 by the γ-scale vertical velocity. These interactions are analogous to terms likeūw that appear in 502 multiscale asymptotic theories [Biello et al., 2010] , and they also affect the momentum budget in a 503 similar way to the N 2 w term in the buoyancy budget (cf. Eq. 8).
504
Taken together, these results indicate that the projection of the vertical momentum flux onto a 505 given scale γ can be approximated by
The first term on the right hand side is the eddy-flux terms and the second term is the vertical 507 advection of the larger-scale momentum by current scale's vertical velocity. These are the only two 508 categories of advective nonlinearity that multiscale asymptotic theories allow. Thus, these results
509
confirm that asymptotic theory can explain the multiscale organization in the QSTRAT simulation. 
where u = u M +u S and w = w M +w S . The first term on the right hand side of this equation describes 523 vertical eddy-flux terms, which play an important role it theoretical models for the multiscale 524 organization of tropical convection.
525
As mentioned in the introduction, multiscale models are derived by following the multiscale 526 asymptotic method [Majda and Klein, 2003; Majda, 2007] planetary-scale energy budget (i.e. KE P + APE P ). hierarchical structure, and contains many eastward-propagating synoptic-scale waves, each of which model outputs into domain mean, planetary-, synoptic-, and meso-scale components. We then 588 decompose the governing equations for zonal momentum, buoyancy, and water vapor using this 589 strategy. From here, it is straightforward to derive variance budgets for these same quantities.
590
These variance budgets are related to energetic quantities because the variance of momentum and 591 buoyancy are the proportional to the planetary-scale kinetic energy (KE P ) and available potential 592 energy (APE P ).
593
The budgets of KE P , APE P , and moisture variance quantify the strength of the feedbacks and ultimately damped by residual buoyancy sources.
601
Because the vertical advection feedback dominates the KE P budget, we further decompose 602 this term into the sum of many nonlinear triad interactions, and find that mesoscale vertical eddy-603 fluxes of momentum are the largest positive feedback in the KE P budget. These eddy-fluxes tend 604 to create eastward (westward) planetary-scale momentum below (above) 600 hPa, which is exactly 605 the pattern one expects a westward-propagating MCS to produce. We therefore conclude that 606 mesoscale organization with a consistent propagating direction is a key ingredient for planetary-scale 607 organization generated through multiscale feedbacks. 
